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Abstract: The authors show that the Gauss-
quadrature rule (GQR) method, which is widely
used in performance evaluation of digital commu-
nication systems, fails under certain frequently
encountered conditions. The maximum entropy
method (MEM), on the other hand, continues to
give reliable results for most of these problems. In
cases where the MEM becomes numerically
unstable before it achieves sufficient accuracy the
authors incorporate a prior estimate of the error
probability distribution function (PDF) in a
minimum relative entropy (MREM) algorithm in
order to improve on the accuracy of their results.
They compare the MEM and MREM results to
those obtained with the GQR method for AWGN
channels with single Rayleigh-path-faded BPSK
signals to the P-branch diversity systems. In both
cases the GQR method fails for large values of the
SNR.

1 Introduction

To evaluate average bit error rates for digital communi-
cation systems (e.g. optical fibre communication systems
[1] or spread-spectrum multiple-access systems [2, 3])
one usually has to evaluate integrals of the form

P, = rP,,(x)pu) dx )

Here X is a random interference variable with unknown
probability distribution function (PDF) p(x) whose
moments can either be caiculated or measured. In com-
munication systems X could be a random attenuation
variable which can take any value within a continuous
range. Alternatively X could be interfering messages in a
multiuser system with pulse streams of length I The
number of such interfering messages is usually very large
and direct evaluation (the exhaustive method) is compu-
tationally impractical.
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One of the most widely used techniques for evaluating
the average error probability [2, 4-6] is based on the
Gauss quadrature rule (GQR) method of Golub and
Welsh [7]). M = 2N + 1 moments

b
u,,,=<x"‘>ij"‘p(x)dx m=0,...,. M 2)
of the PDF are used to determine an N-point quadrature
rule {w,, x,}5., and

ﬁe ~ i w, P(x,) (3)
no1

The Gauss quadrature rule is exact if p(x) is a polynomial
of degree 2N — 1 or less. Furthermore, the GQR method
is computationally reasonably inexpensive and provides
accurate results for many problems provided one has a
sufficient number of moments. However, for high signal/
noise ratios the subsequent moments grow exponentially
in size and the algorithm either converges extremely
slowly (typically more than 80 moments are required) or
it becomes numerically unstable before it becomes accur-
ate. Although the modified GQR method developed by
Gautshi [8, 6] is more stable, it still fails for sufficiently
high signal/noise ratios. This drawback is quite signifi-
cant, since one usually aims to work at low error prob-
abilities and hence necessarily at high SNR.

An alternative approach is to use the maximum
entropy method (MEM) [9] to determine the unknown
PDF from its moments and then to use some standard
integration method to calculate the error probabilities.
Kavehrad and Joseph [10] have shown that the
maximum entropy method yields results that compare
well with the GQR method but using fewer moments
than the latter.

In this paper we show that the MEM continues to
give accurate results for most problems where the GQR
methods fail and also how one can use the minimum
relative entropy method (MREM) to improve on the
accuracy of the results by incorporating a prior estimate
of the PDF.

Furthermore, the MEM and MREM give an analyt-
ical expression for the inferred PDF, while the GQR
method generally only gives an estimate of the average
error probability. Attempts to use the GQR method to
infer the PDF itself [6] have proven less successful. This
method shares the problems of numerical instability of
the GQR method. Furthermore, to obtain the PDF on a
relatively fine grid (for large N) an extremely high
number of moments M = 2N + 1 is required which in
turn often leads to numerical instability.
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We apply the above formalisms to two model prob-
lems where we compare the exact average error probabil-
ity of a known PDF with that obtained by the MEM and
the GQR methods, respectively. We find that the GQR
method fails in both cases for large SNR (i.e. for low bit
error rates). In the first application the MEM provides
the analytically ¢xact PDF with only two moments irre-
spective of the SNR. In the second application, for large
SNR, even the MEM becomes numerically unstable
before it becomes sufficiently accurate. In this case we use
the MREM to improve the accuracy of the results.

Finally we look at a decoding problem where very
tight bounds to the average error rate are known. In this
case it is found that both the MEM and the GQR
method yield results which are either within or very close
to these bounds. The MEM, however, requires far fewer
moments to achieve these results.

2 MEM and MREM

Shore and Johnson [11] have proven that the maximum
entropy method (MEM) [9] (or the minimum relative
entropy method (MREM) [12] in the case where the
prior distribution is not uniform) is the only method for
inferring from incomplete information that does not lead
to logical inconsistencies. This proof has put the
maximum entropy principle on a very solid foundation.
The MEM has been applied to many inference problems
including image reconstruction [13], nuclear physics [14,
15] and chaos [16], and the MREM has found some
interesting applications in image reconstruction [17] and
spectral analysis [18].

In the MEM the missing information (the information
entropy) [20]

Ip) = —rp(x) In p(x) dx 4

is maximised subject to the constraints of the normal-
isation of the PDF and subject to the available informa-
tion. In our case the expectation values of the moment
operators must be equal to the measured or calculated
moments, i.e. the PDF must satisfy eqns. 2. This is a stan-
dard maximum entropy moments problem (the MEM
moment problem has been studied in detail by Tagliani
[19]). The constraints are introduced via Lagrange multi-
pliers, and the resulting expression for the inferred PDF
is

1 M
pH(x) = > exp (— ¥ i,,,x"') (5)
m=1

where the information about the normalisation is con-
tained in the partition function

b M
Z=Jexp(— Z,lmx"‘) dx (6)

and the Lagrange multipliers are determined by requiring
that eqn. 2 is satisfied. Alhassid, Agmon and Levine [21]
have noted that defining

F2) =0 Z+ 3 s )
yields

oF

a = Hm — <xm> (8)
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Hence minimising F is equivalent to solving the set of
coupled nonlinear eqns. 2. The Hessian matrix

O
Y.
is positive-definite and F is thus a strictly convex function
of the Lagrange multipliers {4,,}. Consequently F has a
unique minimum and a Newton-Raphson minimisation

procedure [22] is guaranteed to converge. Define an
error vector

Hip = (X — (™ &)

) SM)T Ve = Uy — <xm> (lo)

and let &k =(4,..., 4y). Then the new guess after a
Newton-Raphson step is

V=A-—H"'-% (11)

During each iteration we solve a set of coupled linear
equations for the Newtonstepd =24 — 4’

H-8=% (12)

Since H is positive-definite it is also nonsingular. We
solve eqn. 12 with a standard LU-decomposition with a
backsubstitution algorithm code in C* *.

The MREM allows one to include a prior estimation
g(x) of the PDF. In the case where the prior distribution
is uniform the MREM reduces to the MEM. In the
MREM one minimises the discrimination information
(also known as the relative entropy, Kulback Leibler dis-
tance or the cross entropy),

b

£(p) = J p(x) In ) dx (13

a gq(x)

subject to the boundary conditions of the available data.
Following the same approach as in the preceding Section
we obtain the following expression for the inferred PDF
p* in terms of the Lagrange multipliers {i,, m=1, ...,
M;}

£€=(g,...

M
prx) = a0) exp (— Y Am x"') (14)
z m=1
with partition function
b M
Z= J q(x) exp (— Y lmx"'> dx (15)
a m=1

The algorithm used to solve for the Lagrange multipliers
is virtually identical to that developed for the MEM,

3 Application to digital communication systems

3.1 Binary signalling over a frequency-nonselective
slowly fading channel

We first consider a problem which can be solved analyt-
ically, namely an AWGN (additive white Gaussian noise)
channel with binary phase-shift-keyed (BPSK) signalling
subject to slow Rayleigh fading. For BPSK each data bit
is transmitted as a bandpass pulse, or as the antipodal
version thereof, corresponding to the transmission of a
mark or space, respectively. The probability P, of a
binary digit error is given by [23]

Py) = § erfc ((/7) (16)

where y = a?6/N, is the received signal/noise ratio per
information bit, erfc is the complementary error function,
& is the average energy per bit and N, is the power spec-
tral density of the noise. The attenuation factor a is
assumed to be a time-independent random variable
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which 1s Rayleigh-distributed. It follows [23] that the
SNR is exponentially distributed

1
p(v)=§exp(—v/v") 720 (17

where 7 is the expectation value of y

=Gy = me(w d (18)

The average bit error rate is then obtained via

P, =L P()p(y) dy 19

which can be evaluated analytically [23].

Assume now that we had not known that the SNR is
exponentially distributed. Instead we only have the first
few moments of the PDF (typically four moments are
measured experimentally). The moments of the exponen-
tial PDF are given by

py = T k! (20)

The maximum entropy method (MEM) gives the exact
result with only two moments (1, and y,).

Fig. 1 compares the exact result of the average error
rate as a function of the signal/noise ratio with the MEM
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Fig. 1 Exact average error rate compared to MEM and GOR results

MEM resuit coincides with exact results for all SNRs
¢ exact curve
@® GQRcurve

result (using two moments) and the GQR result for 31
moments. For small signal/noise ratios, both the GQR
method and the MEM reproduce the exact result, but for
high signal/noise ratios the GQR method fails, while the
MEM continues to reproduce the exact result.

3.2 Diversity transmission

When the signal is received via multiple paths, the
average bit error rate can be reduced by introducing
diversity, i.e. by supplying the receiver with several repli-
cas of the same information over independently fading
channels. The resulting PDF is given by [23}

L-1

-y

exp (—y/7) (21)
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where L 1s the number of paths along which the informa-
tion is received and y and 7 are, as before, the SNR and
the average SNR, respectively. The average error rate is
given again by eqn. 19 and the analytical result is

= 11—\ & /L—14+D/1+aV
(RN e

where we have introduced

_ 7
”‘\/(Hf) @)

Assume again that we only know a few moments of p(y),

Cm+L-1
I TAY

24)

and consider the case where we transmit over three
fading paths (L = 3) with an average SNR of ( = 7). In
this case the GQR method fails completely.

Fig. 2 shows the MEM result given eight moments
(curve a) compared to the exact result. The inferred PDF
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Fig. 2  PDF for multipath fading

a MEM result with eight moments

b Prior distribution given by MREM to reproduce exact result with two
moments

¢ Exact result

looks reasonably accurate. However, if we calculate the
average bit error rate we find that the MEM result is
nearly double the exact result (P* = 0.00060 while P, =
0.00032). For more than eight moments our MEM algo-
rithm became numerically unstable because of the expo-
nential increase in the size of the moments (u, = 1 while
pg = 1.046 x 10'3). If we had known the functional form
of the PDF but not its average SNR 7, we could use the
MREM to improve on the accuracy of the result. Using
p(y) with any arbitrary 7 > 0 for the prior PDF, we find
that two moments (u, and u,) suffice to reproduce the
analytically exact result. Curve b in Fig. 2 shows the
prior PDF (7 = 4) used by the MREM to infer the exact
result (5 = 7), curve c.

Naturally, we do not, in most cases, know the func-
tional form of the PDF. However, one might, for
example, have the PDF for a system with diversity for,
say, two fading paths (either analytically or numerically)
while one wants to obtain the 3-path PDF. One could
then make the assumption that one expects the 3-path
PDF to be not too difficult from the 2-path result. The
2-path PDF could then be used as a prior PDF for the
MREM in order to obtain a more accurate result for the
inferred 3-path PDF. Table 1 compares the MEM result
with the MREM results given various number of
moments. In general the MREM results are much more
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Table 1: MEM and MREM inferred average bit error rates
for diverse transmissionwithL =3and§j=7

M MEM MREM

P N P N
1A4%10°2 7 146x10-% 7
3.79x10°% 12 911 x10-% 7
1.20x10-* 14 526x10-* 10
6.01 x10-* 49 407x10-* 11
No conv. 3.563x10* 13

Exact result: £, =3.21 x10-%
GOR result (M = 31). 5, - 4.91 x 10-5

WoUN =

M + 1 is the number of moments given and N is the number of iter-
ations required for convergence.

accurate and fewer iterations are needed for convergence.
The most accurate result obtained with the MEM is still
nearly a factor 2 too large (for more than eight moments
the MEM became numerically unstable) while the
MREM result was only out by about 27%. Also, the
MEM required 49 iterations for convergence, while the
MREM converged in only 11 iterations. The most accu-
rate MREM result was obtained with nine moments,
where the error in the average bit error rate was only
about 10%. The best GQR result is obtained with 31
moments (for more than 31 moments the method
becomes numerically unstable), but even for 31 moments
the result is still nearly an order of magnitude too small.

3.3 Bounds on error rates of direct-sequence CDMA
systems

In a following paper [24] we show how the maximum
entropy based methods can be used to obtain the inter-
user interference (IUI) PDF for spread-spectrum
multiple-access (SSMA) systems and how one can quan-
tify the Gaussian assumption. Here we show only that in
a case where there are very tight bounds on the average
error rates available [25], both the maximum entropy
and the Gauss-quadrature method yield results which are
either within or very close to the bounds. This can be
seen from Table 2, which compares the upper and lower

Table 2: Average error rates for K =2 users and chip rate
N, =31

E, /N, Lower Upper GQR MaxEnt
bound bound
1.44x10°% 1.456x10°2 1.442x10-* 1.442x10-2

4

6 335x10-* 336x10-° 3.346x10-* 3.345x10-3
8 442x10"% 424x10"° 4216 x10~* 4.216x10-*
10 240 x10°°% 242x10-° 2.399x10-° 2.399x10-°
12 4.81x10~7 489x10"7 4.816x10-7 4.816x 10"’
14 228 x10-° 234 x10-° 2.285x10-* 2.285x10-°

bounds for the error rates of a 2-user SSMA system with
chip rate of 31 with the average error rates obtained
using the GQR and the MEM, respectively. The MEM,
however, required only ten moments to achieve this
aceuracy, while the GQR method required 23 moments.

4 Conclusions

The maximum entropy based methods are computa-
tionally more demanding than the GQR-based methods.
The GQR methods require that one Cholesky decom-
poses an M x M matrix (M is the number of moments)
and then that one finds the eigenvalues and eigenvectors
of a tridiagonal M-dimensional matrix. In the case of the
maximum entropy methods basically all the computa-
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tional effort is concentrated in solving a set of M coupled
nonlinear equations for the Lagrange multipliers.

The increase computational requirements can,
however, be justified as follows. First, the GQR-based
methods tend to fail at high signal/noise ratios while the
maximum entropy based methods continue to give reli-
able results. Secondly, the maximum entropy methods
generally require considerably fewer moments to yield
accurate results. This is especially useful when the
moments are obtained experimentally — usually only
four moments can be measured accurately.

Furthermore, information other than that supplied by
the moments can be incorporated into a maximum
entropy formalism, This is not possible for the GQR-
based methods. Such information couid be in the form of
a prior estimate for the PDF, in which case one could use
the MREM to improve on the accuracy of the results.

Finally, via the maximum entropy based methods one
obtains a functional form for the PDF irrespectively of
the number of moments supplied. GQR-based methods,
on the other hand, require an extremely high number of
moments in order to calculate the PDF on a relatively
fine grid. This is often not possible due to numerical
instabilities.
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