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ABSTRACT 

In digital communication systems, the criteria of 
merit of system performance is usually average proba- 
bility of error as function of signal-to-noise ratio. The 
Gauss Quadrature Rule (GQR) formulation and the 
Maximum Entropy Method (MEM) have been pro- 
posed in the literature to determine and calculate an 
unknown distribution and average error rate from mo- 
ments. We compare the accuracy of these two meth- 
ods when a distribution is estimated and the average 
error rate is calculated. It is shown that the MEM 
needs significantly less moments when the distribu- 
tion is estimated from its moments than the GQR 
formulation, and that the GQR formulation fails un- 
der certain conditions when average error rate is cal- 
culated. Specifically, the latter is encountered at  high 
signal-to-noise ratios, where the MEM still delivers 
reliable results. 

1. INTRODUCTION 

In order to evaluate average bit error rates of digital 
communication systems (e.g. optical fiber communi- 
cation systems [l] , spread-spectrum multiple access 
systems [2, 31, digital microwave radio systems [4], 
. . . )  due to i.e. noise or intersymbol interference (ISI), 
one usually has to evaluate integrals of the form 

Here X is a random interference variable with un- 
known probability distribution function (pdf) p ( z )  
whose moments can either be calculated or measured. 
In practical communication systems X could be a ran- 
dom attenuation variable which can take any value 
within a continuous range. Alternatively X could be 
interfering messages in a multi-user system with pulse 
streams of length f? which can take any of De values, 
D being the number of levels. The number of such 
interfering messages is usually very large and direct 
evaluation (the exhaustive method) is computation- 
ally impractical. 

One of the most widely used techniques for evaluating 
the average error probability [5, 6 ,  7, 8, 21 is based on 
the Gauss Quadrature Rule (GQR) method of Golub 
and Welsh [9]. The moments of the pdf 

are used to determine a three-term recurrence rela- 
tion for the sequence of polynomials P,(z) orthonor- 
mal to the weight function (the pdf) and hence the 
tridiagonal matrix J .  The eigenvalues and the first 
component of the orthonormal eigenvectors of J are 
then used to  determine the weights w, while the roots 
of the polynomial P N + , ( ~ )  determine the nodes z, of 
the quadrature rule {wn, xn}F=l with M = 2 N  + 1, 
and consequently 

It can be easily seen [lo] that the Gauss quadrature 
rule is exact if f(z) is a polynomial of degree 2N-1 
or less. The GQR method is computationally rea- 
sonably inexpensive and provides accurate results for 
many problems, provided one has a sufficient num- 
ber of moments. However, the GQR method fails 
for certain frequently encountered problems and, in 
particular, a t  large signal-to-noise ratios, i.e. when 
the subsequent moments grow in absolute size. In 
these cases the algorithm converges extremely slowly 
(typically more than 80 moments are required) and it 
becomes numerically unstable before it becomes ac- 
curate. Gautshi [ll, 81 has developed a more stable 
algorithm based on modified moments - the latter 
can be computed directly from the moments p m .  Al- 
though this modified GQR method can treat a much 
wider class of problems it still fails at high signal-to- 
noise ratios. 

An alternative approach is to use the maximum en- 
tropy method (MEM) [15, 161 to determine the un- 
known pdf from its moments and then to use standard 
integration methods to calculate the error probabili- 
ties. Kavehrad and Joseph [la] have shown that the 
maximum entropy method yields results that com- 
pare well with GQR method but using less moments 
than the latter. 

In this paper we show that the MEM continues to give 
accurate results for problems where the GQR method 
fails. In some cases the moments of the pdf of the in- 
terference variable are obtained experimentally. In 
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those cases one is forced to infer the average error 
probability from a very limited number of moments 
(typically four) and the GQR method is very likely to 
fail. The MEM results, on the other hand, are much 
more reliable. For example, for and AWGN channel 
with PSK modulation subject to  slow Rayleigh fad- 
ing two moments suffice to infer an analytically exact 
pdf. Furthermore, the GQR method is restricted to 
using moments for the information of the pdf while 
the MEM lends itself to including other useful infor- 
mation if available. 

A further advantage of the MEM is that it gives an 
analytical expression for the inferred pdf, while the 
GQR method generally only gives an estimate of the 
average error probability. Attempts to use the GQR 
method to infer the pdf itself [8] have proven less suc- 
cessful. This method shares the problems of numer- 
ical instability of the GQR method. Furthermore, 
in order to obtain the pdf on a relatively fine grid 
(for large N )  an extremely high number of moments, 
M=2N+1, is required which in turn often leads to 
numerical instability. The MEM, on the other hand, 
gives a full functional form for the inferred pdf for any 
number of moments, and in general a much smaller 
number of moments is required to  obtain accurate 
results. 

We apply the above formalisms to two model prob- 
lems where we compare the exact distribution and av- 
erage error probability to that obtained by the MEM 
and the GQR methods. In particular we investigate 
the Exponential pdf and also calculate the average er- 
ror rate of coherent PSK under Rayleigh fading con- 
ditions. We find that the GQR method fails in both 
cases; the estimated pdf is not very accurate and the 
error rate is completely inaccurate at large signal-to- 
noise ratios. On the other hand, the MEM results 
compare very well with the known analytical results. 

The next section will provide us with the necessary 
background to the MEM, and also discusses the nu- 
merical algorithms implemented to obtain results. 
Sections 3 and 4 discuss, respectively, the estimated 
pdf and average error rate results, while Section 5 
conclude the paper. 

2 .  T H E  MAXIMUM E N T R O P Y  
P R I N C I P L E  

Shore and Johnson [14] have proven that the max- 
imum entropy method (MEM) [15, 161 is the only 
method for inferring from incomplete information, 
that does not lead to logical inconsistencies. This 
prove has put the maximum entropy principle on a 
very solid foundation. The MEM has been applied 
to many inference problems including image recon- 
struction [18], search theory [19], scattering problems, 
chaos [20] and many more. 

In the MEM the missing information (the information 
entropy) [24] 

is maximized subject to the constraints of the nor- 
malization of the pdf and subject to the available in- 
formation. In our case the expectation values of the 
moment operators must be equal to the measured or 
calculated moments, i.e. the pdf must satisfy equa- 
tions (2) .  This is a standard maximum entropy mo- 
ments problem (The MEM moment problem has been 
studied in detail by Tagliani [23]). The constraints are 
introduced via Lagrange multipliers and the resulting 
expression for the inferred pdf is 

/ M  \ p * ( z )  = -exp 1 (- Am,") 

Z m=l  
(5) 

where the information about the normalization is con- 
tained in the partition function 

and the Lagrange multipliers are determined by re- 
quiring that 

Agmon, Alhassid and Levine [25] have noted that 
defining 

yields 

A f f  

(9) 

Hence minimizing F is equivalent to solving the set 
of coupled nonlinear equations (7). Furthermore, the 
authors have shown that the Hessian matrix H with 

- - (,,+"I) - (z")(zml) (10) 
a2 F 

Hm,/ = 
a m a A m l  

is positive definite and thus that F is a strictly con- 
vex function of the Lagrange multipliers {A,}. Con- 
sequently F has a unique minimum (i.e. (7) has a 
unique solution) and a Newton-Raphson minimiza- 
tion procedure [13] is guaranteed to  converge. Define 
an error vector 

c = ( E I , . . . , E M ) T  : E m z p m - ( ( Z m ) ,  (11) 

and let 
a Newton Raphson step is 

= (XI , . . . , AM). Then the new guess after 
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During each iteration we solve a set of coupled linear 
equations for the Newton step ;8 = X - X 

+ 

Since H is positive definite it is also non-singular. 
We solve equation (13) with a standard LU- 
decomposition with a back-substitution algorithm 
coded in C++ 

To combat spurious divergence problems due to com- 
puter round-off errors we translated the “globally 
convergent” Newton-Raphson method found in Nu- 
merical Recipes in C [26] into C++ using our vector 
and matrix classes. Doing this allowed us to  increase 
the number of Lagrange multipliers to about 24. 

3. E S T I M A T E D  D I S T R I B U T I O N  V I A  
G Q R  A N D  M E M  

In digital communication problems, we often do not 
know the distribution of a random variable. The two 
proposed methods allow us to estimate the desired 
pdf via its moments. We will examine the accuracy 
of the two methods by investigating the Exponential 
distribution, given by 

with moments 

This distribution is also used in the next section to 
calculate average error probabilities. 

It is clear from Figure 1 that the GQR algorithm fails 
again dismally, even for A4 = 37 moments, irrespec- 
tive of the use of modified moments or the modified 
Cholesky decomposition. 

Figure 2 shows the pdf obtained with MaxEnt; very 
accurate tail probabilities are obtained with only two 
moments(p0 and P I ) .  Table 1 indicates the coeffi- 
cients, A,., when higher order moments are used. 

It is quite clear that all the higher order X,’s are zero 
for all practical purposes, and therefore very accurate 
average error probabilities can be obtained. 

4. A P P L I C A T I O N  T O  DIGITAL 
C O M M U N I C A T I O N  S Y S T E M S  

As mentioned earlier we will investigate the average 
error rate of coherent PSK under slow Rayleigh fading 
conditions. For BPSK the bit stream is subdivided 
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Figure 1: Convergence of GQR estimator for Expo- 
nential distribution 

into blocks of length 1, each block being one of L=2‘ 
messages and each of the these messages is modulated 
onto L waveforms that differ in phase. The probabil- 
ity P, of a binary digit error under AWGN conditions 
is given by [27] 

where y = cr2E/No is the received signal-to- noise 
ratio per information bit and 

f is the average energy per bit and No is the power 
spectral density of the noise. The attenuation fac- 
tor cx is assumed to be a time independent random 
variable which is Rayleigh distributed. It therefore 
follows [27] that the signal-to-noise ratio is exponen- 
tially distributed as in (14), moments as in (15) and 
;U is the expectation value of y, given by 

The average bit error rate is then obtained via 

$e = pe(y)P(y)dy. (19) 

This integral can be evaluated analytically and the 
result is [27] 
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Figure 2: 
tained with MaxEnt 

Estimated Exponential distribution ob- 

Note that the average error rate goes to zero and 3 as 
the signal to noise ratio (SNR) tends to infinity and 
zero respectively. 

Assume now that we had not known that the SNR is 
exponentially distributed. Instead we only have the 
first few moments of the pdf, given by ( l5) ,  or a small 
number of measured moments. 

In the GQR formulation we perform the quadrature 

. 1v 

using the quadrature rule (Wn , yn) obtained from the 
method of moments as described in [8]. Figure 3 com- 
pares the exact result of the average error rate as a 
function of the signal to  noise ratio with the MEM 
result (using 2 moments) and the GQR result for 31 
moments 

The GQR method becomes numerically unstable be- 
fore it becomes accurate - the GQR method fails for 
more than 31 moments. Note that the MEM result 
coincides with the exact result, while the GQR result 
becomes completely haccurate for large values of the 
signal-to-noise ratio. Furthermore, when only a lim- 
ited number of moments are available (as is usually 
the case when the moments are obtained experimen- 
tally) the MEM becomes indispensable. 

loo  6 

-5 0 5 10 15 20 25 

SNR 

Figure 3: Exact average error rate compared to MEM 
and GQR results. 

5 .  SUMMERY AND CONCLUSIONS 

In digital communication systems one often has to 
calculate the error probability averaged over an un- 
known pdf whose moments and be either measured 
experimentally or can be calculated. We have found 
that the widely used GQR based methods tend to fail 
for large values of the signal to noise ratios and for low 
error probabilities. The maximum entropy method, 
on the other hand, continues to yield reliable results. 

Although the algorithm to determine a distribution 
via the GQR formulation are much simpler and com- 
putationally quicker (roughly orders quicker) than 
that of the MEM formulation, it is essentially worth- 
less when accurate estimates of the desired pdf is 
needed. I t  is therefore suggested that a new esti- 
mator be investigated to determine the distribution 
via GQR methods. We do not, however, suggest that  
GQR's can not deliver accurate estimates of a desired 
distribution, but merely suggests that  the estimator 
as described by Meyer is not sufficient. 

Using only a small number of moments has additional 
benefits in digital communications; it can be shown 
that in SSMA only a limited number of moments are 
available under certain conditions. Further, in a prac- 
tical system only a small number of moments can be 
measured efficiently. 

Applying these methods to AWGN channels with 
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BPSK signals subject to slow Rayleigh fading we find 
that the MEM reproduces the analytical result with 
only two moments. The GQR methods give accurate 
results in the range of low signal to noise ratio and 
high error probabilities, but a much higher number of 
moments (typically about 60). 

In general we find that the MEM gives more accu- 
rate results than the GQR based methods with fewer 
moments. This is important for problems where a) 
the moments of the pdf are obtained experimentally 
(typically only four moments are measured) , b) where 
the moments are difficult to calculate and c) where 
the moments grow exponentially causing the GQR 
methods to become numerically unstable before they 
become accurate. We find, however, that the MEM 
requires much more computer time than the GQR 
methods. 
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